A generalization of Menon's identity with Dirichlet characters by Li, Yan et al.
ar
X
iv
:1
80
2.
00
53
1v
1 
 [m
ath
.N
T]
  2
 Fe
b 2
01
8
A GENERALIZATION OF MENON’S IDENTITY WITH
DIRICHLET CHARACTERS
YAN LI, XIAOYU HU, AND DAEYEOUL KIM*
Abstract. The classical Menon’s identity [7] states that
∑
a∈Z∗n
gcd(a − 1, n) = ϕ(n)σ0(n),
where for a positive integer n, Z∗n is the group of units of the ring Zn = Z/nZ,
gcd( , ) represents the greatest common divisor, ϕ(n) is the Euler’s totient
function and σk(n) =
∑
d|n d
k is the divisor function. In this paper, we
generalize Menon’s identity with Dirichlet characters in the following way:
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a − 1, b1, ..., bk , n)χ(a) = ϕ(n)σk
(n
d
)
,
where k is a non-negative integer and χ is a Dirichlet character modulo n
whose conductor is d. Our result can be viewed as an extension of Zhao and
Cao’s result [16] to k > 0. It can also be viewed as an extension of Sury’s
result [12] to Dirichlet characters.
1. Introduction
There is a beautiful identity due to P. K. Menon [7], which states that, for any
positive integer n, we have
(1)
∑
a∈Z∗n
gcd(a− 1, n) = ϕ(n)σ0(n),
where Z∗n is the group of units of the ring Zn = Z/nZ, gcd( , ) represents the
greatest common divisor, ϕ is the Euler’s totient function and σk(n) =
∑
d|n d
k is
the divisor function.
In 2009, B. Sury [12] obtained the following Menon-type identity
(2)
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n) = ϕ(n)σk(n)
by using Cauchy-Frobenius-Burnside lemma. Miguel [8], [9] extended identities (1)
and (2) from Z to any residually finite Dedekind domain.
Recently, Zhao and Cao [16] derived the following elegant Menon-type identity
with Dirichlet characters
(3)
∑
a∈Z∗n
gcd(a− 1, n)χ(a) = ϕ(n)σ0
(n
d
)
,
2010 Mathematics Subject Classification. 11A07, 11A25.
Key words and phrases. Menon’s identity, greatest common divisor, Dirichlet character, divisor
function, Euler’s totient function, congruence.
*Corresponding author.
1
2 YAN LI, XIAOYU HU, AND DAEYEOUL KIM*
where χ is a Dirichlet character modulo n and d is the conductor of χ.
To´th [15] generalized the identity (3) from gcd functions to even functions
(mod n). In [6], Li and Kim obtained another Menon-type identity by replac-
ing Dirichlet characters of Z∗n in (3) with additive characters of Zn. For other
generalizations of Menon’s identity, see [1], [2], [3], [4], [5], [13] and [14].
Denote
(4) Sχ(n, k) =
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n)χ(a).
In this article, we will explicitly compute Sχ(n, k).
Our main result is the following theorem.
Theorem 1.1. Let n be a positive integer and χ be a Dirichlet character modulo
n whose conductor is d. Assume k is a non-negative integer. Then, we have the
following identity:
(5)
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n)χ(a) = ϕ(n)σk
(n
d
)
.
Remark. If χ is the trivial character, then (5) reduces to Sury’s identity (2). Fur-
ther, if k = 0, then our identity (5) reduces to Zhao and Cao’s identity (3).
The rest of paper is organized as follows. In section 2, we prove Theorem 1.1 in
the special case of n being a prime power. The general case is treated in section 3
by combining the prime power cases with the Chinese remainder theorem.
2. Prime power case
In this section, we assume n = pm, where p is a prime number andm is a positive
integer. Let χ be a Dirichlet character modulo n with conductor d. Since d | n, we
denote d = pt, where 0 ≤ t ≤ m.
Our proof of Theorem 1.1 in this case can be viewed as a combination of tech-
niques of [4] and [16].
Similarly as [4] (see p.46), we shall introduce filtrations for the additive group
Zn and the multiplicative group Z
∗
n, respectively. Since n = p
m is a prime power,
the whole subgroups of Zn form a chain:
0 = pmZn ⊂ p
m−1
Zn ⊂ ... ⊂ pZn ⊂ Zn.
The multiplicative group Z∗n also has a filtration consisting of multiplicative sub-
groups:
1 = 1 + pmZn ⊂ 1 + p
m−1
Zn ⊂ ... ⊂ 1 + pZn ⊂ Z
∗
n.
For simplicity of the proof, we introduce the following notations.
Rj = p
j
Zn with 0 ≤ j ≤ m and Rm+1 = ∅,
U0 = Z
∗
n, Ui = 1 + p
i
Zn with 1 ≤ i ≤ m and Um+1 = ∅,
Sj = Rj −Rj+1 with 0 ≤ j ≤ m,
Vi = Ui − Ui+1 with 0 ≤ i ≤ m.
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Clearly, Zn =
m⋃
j=0
Sj and Z
∗
n =
m⋃
i=0
Vi with disjoint union. Also, we have
#U0 = p
m − pm−1, #Um+1 = 0 and
#Ui = p
m−i with 1 ≤ i ≤ m,
where # denotes the cardinality of sets.
Consider
Sχ(p
m, k) =
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n)χ(a)(6)
=
m∑
s=0
∑
gcd(b1,...,bk,n)=p
s
b1,...,bk∈Zn
∑
a∈Z∗n
gcd(a− 1, ps)χ(a)
=
m∑
s=0

∑
a∈Z∗n
gcd(a− 1, ps)χ(a)



 ∑
gcd(b1,...,bk,n)=p
s
b1,...,bk∈Zn
1

 .
Therefore, we need to compute∑
a∈Z∗n
gcd(a− 1, ps)χ(a) and
∑
gcd(b1,...,bk,n)=p
s
b1,...,bk∈Zn
1
explicitly. These will be done in Lemma 2.2 and Lemma 2.3, respectively.
Next, we will state a lemma, which is key to the proof of Lemma 2.2.
Lemma 2.1. Let n = pm and χ be a Dirichlet character modulo n with conductor
pt, where 0 ≤ t ≤ m. Then, for 0 ≤ i ≤ m, we have∑
a∈Ui
χ(a) =
{
#Ui, if i = t, t+ 1, ...,m.
0, otherwise.
Proof. By the definition of conductor, pt is the smallest integer such that χ factors
through Z∗pt . Therefore, χ is trivial on Ut, but nontrivial on Ut−1 if t ≥ 1. Since
Um ⊂ ... ⊂ U1 ⊂ U0 forms a filtration of Z
∗
n, χ is trivial on Ui for t ≤ i ≤ m and
nontrivial on other Ui. Hence,∑
a∈Ui
χ(a) = #Ui, for i = t, t+ 1, ..,m.
For i = 0, ..., t − 1, the restriction of χ on Ui is a nontrivial character for the
multiplicative group Ui. By the orthogonality of characters, we have∑
a∈Ui
χ(a) = 0, for i = 0, 1, ..., t− 1.

Lemma 2.2. Let n = pm and χ be a Dirichlet character modulo n with conductor
pt, where 0 ≤ t ≤ m. Let s be an integer such that 0 ≤ s ≤ m. Then,
(7)
∑
a∈Z∗n
gcd(a− 1, ps)χ(a) =
{
(s− t+ 1)(pm − pm−1), if s ≥ t,
0, otherwise.
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Proof. By definitions of Ui and Vi, we know that Z
∗
n =
⋃m
i=0 Vi with disjoint union
and gcd(a− 1, pm) = pi if a ∈ Vi, where 0 ≤ i ≤ m. Therefore, we have∑
a∈Z∗n
gcd(a− 1, ps)χ(a)
=
m∑
i=0
∑
a∈Vi
gcd(a− 1, ps)χ(a)
=
s−1∑
i=0
∑
a∈Vi
piχ(a) +
m∑
i=s
∑
a∈Vi
psχ(a)
=
s−1∑
i=0
pi

 ∑
a∈Ui
χ(a)−
∑
a∈Ui+1
χ(a)

+ ps ∑
a∈Us
χ(a).
The last equality is due to that
Vi = Ui − Ui+1 and Us =
m⋃
i=s
Vi with disjoint union.
Changing the summation index, we get
s∑
i=0
pi
∑
a∈Ui
χ(a)−
s∑
i=1
pi−1
∑
a∈Ui
χ(a)
=
∑
a∈U0
χ(a) +
s∑
i=1
(pi − pi−1)
∑
a∈Ui
χ(a).(8)
In the following, we calculate the left hand side of (7) case by case.
Case 1. t = 0
In this case, χ is a trivial character of Z∗n.
According to (8),
∑
a∈Z∗n
gcd(a− 1, ps)χ(a) = #U0 +
s∑
i=1
(pi − pi−1)#Ui
= (pm − pm−1) +
s∑
i=1
(pi − pi−1)pm−i
= (s+ 1)(pm − pm−1).
Case 2. s ≥ t and t ≥ 1.
By equation (8) and Lemma 2.1, we have
∑
a∈Z∗n
gcd(a− 1, ps)χ(a) =
s∑
i=t
(pi − pi−1)#Ui
=
s∑
i=t
(pi − pi−1)pm−i
= (s− t+ 1)(pm − pm−1).
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Case 3. s < t
Note in this case, t ≥ 1. According to equation (8) and Lemma 2.1∑
a∈Z∗n
gcd(a− 1, ps)χ(a) = 0 +
s∑
i=1
(pi − pi−1) ∗ 0 = 0.
Case 1 and Case 2 can be unified, which leads to the final result. 
Remark. In Lemma 2.2, if s = m, this is just Lemma 3.1 of [16]. In fact, for s ≥ t,
χ can also be viewed as a Dirichlet character modulo ps with conductor pt. In this
case, ∑
a∈Z∗
pm
gcd(a− 1, ps)χ(a) = pm−s
∑
a∈Z∗
ps
gcd(a− 1, ps)χ(a).
Therefore, Lemma 2.2 can be deduced from Lemma 3.1 of [16] in case of s ≥ t.
However, here, we give a unified proof including all cases.
Lemma 2.3. Let n = pm be a prime power and s ≥ 0 be an integer. Assume k ≥ 0
is an integer. Then
∑
b1,...,bk∈Zn
gcd(b1,...,bk,p
m)=ps
1 =
{
p(m−s)k−p(m−s−1)k, if s < m,
1, if s = m.
Proof. The case k = 0 is obvious. Thus, we assume k ≥ 1.
Note that ps | gcd(b1, ..., bk, p
m) if and only if b1, ..., bk ∈ p
s
Zn holds. Therefore,
for 0 ≤ s ≤ m− 1,
gcd(b1, ..., bk, p
m) = ps if and only if (b1, ..., bk) ∈ (p
s
Zn)
k − (ps+1Zn)
k.
Clearly, for s = m,
gcd(b1, ..., bk, p
m) = ps if and only if (b1, ..., bk) ∈ (p
s
Zn)
k.
Since #(psZn) = p
m−s for 0 ≤ s ≤ m, we get the desired result. 
Finally, we prove the following result, which is a special case of Theorem 1.1.
Theorem 2.4. Let n = pm be a prime power and χ be a Dirichlet character whose
conductor is d = pt. Assume k is a non-negative integer. Then, the following
identity holds ∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n) = ϕ(n)σk
(n
d
)
.
Proof. By equation (6), we have
(9) Sχ(p
m, k) =
m∑
s=0

∑
a∈Z∗n
gcd(a− 1, ps)χ(a)



 ∑
b1,...,bk∈Zn
gcd(b1,...,bk,p
m)=ps
1

 .
Substituting Lemma 2.2 into (9), we get
(10) Sχ(p
m, k) =
m∑
s=t
(s− t+ 1)(pm − pm−1)

 ∑
b1,...,bk∈Zn
gcd(b1,...,bk,p
m)=ps
1

 .
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It follows from Lemma 2.3 and (10) that
Sχ(p
m, k) =ϕ(pm)
(
m−1∑
s=t
(s− t+ 1)(p(m−s)k − p(m−s−1)k) + (m− t+ 1)
)
(11)
=ϕ(pm)
(
m∑
s=t
(s− t+ 1)p(m−s)k −
m−1∑
s=t
(s− t+ 1)p(m−s−1)k
)
=ϕ(pm)
(
m∑
s=t
(s− t+ 1)p(m−s)k −
m∑
s=t+1
(s− t)p(m−s)k
)
.
The last equality is by substituting s+1 with s in the posterior summation. Hence
Sχ(p
m, k) =ϕ(pm)
(
p(m−t)k +
m∑
s=t+1
p(m−s)k
)
=ϕ(pm)
(
p(m−t)k +
m−t−1∑
s=0
psk
)
.
The last equality can be derived from substituting m− s with s. Therefore,
Sχ(p
m, k) = ϕ(pm)
m−t∑
s=0
psk = ϕ(pm)σk
(
pm
pt
)
which concludes the proof. 
3. The general case
In this section, we will prove the main theorem. First, we show Sχ(n, k) is
multiplicative with respect to n, by the Chinese remainder theorem. Then, using
multiplicative property, we prove Theorem 1.1 by combining prime power cases,
which are treated in section 2.
Let n = n1n2 be the product of positive integers n1 and n2 such that gcd(n1, n2) =
1. By the Chinese remainder theorem, we have the ring isomorphism: Zn ≃
Zn1 ⊕ Zn2 , which induces the multiplicative group isomorphism: Z
∗
n ≃ Z
∗
n1
× Zn2 .
Therefore, each Dirichlet character modulo n can be uniquely written as χ = χ1 ·χ2,
where χ, χ1 and χ2 are Dirichlet characters modulo n, n1 and n2, respectively. Ex-
plicitly,
χ(c mod n) = χ1(c mod n1) · χ2(c mod n2)
for any integer c such that gcd(c, n) = 1.
To simplify notations, for a ∈ Zn, we let a
′ ∈ Zn1 and a
′′ ∈ Zn2 denote the
image of a in Zn1 and Zn2 , respectively, i.e. a
′ ≡ a mod n1 and a
′′ ≡ a mod n2.
Let d, d1 and d2 be the conductors of χ, χ1 and χ2, respectively. It is well known
that d = d1d2.
The following lemma shows that Sχ(n, k) is multiplicative.
Lemma 3.1. Notations as above, we have
Sχ(n, k) = Sχ1(n1, k) · Sχ2(n2, k).
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Proof. First, we check that∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n)χ(a)
=
∑
a∈Z∗n
b1,...,bk∈Zn
gcd(a− 1, b1, ..., bk, n1) gcd(a− 1, b1, ..., bk, n2)χ1(a)χ2(a)
=
∑
a′∈Z∗n1
b′1,...,b
′
k∈Zn1
gcd(a′ − 1, b′1, ..., b
′
k, n1)χ1(a
′)
×
∑
a′′∈Z∗n2
b′′1 ,...,b
′′
k∈Zn2
gcd(a′′ − 1, b′′1 , ..., b
′′
k, n2)χ2(a
′′).
The last equality is by Chinese remainder theorem. Indeed, as (a, b1, ..., bk) runs
over Z∗n × (Zn)
k, (a′, b′1, ..., b
′
k, a
′′, b′′1 , ..., b
′′
k) runs over Z
∗
n1
× (Zn1)
k × Z∗n2 × (Zn2)
k,
too. Therefore, we have
Sχ(n, k) = Sχ1(n1, k) · Sχ2(n2, k).

Remark. The proof of Lemma 3.1 is similar to that of Lemma 2.1 in [4]. Also see
the proof of Theorem 1.1 and Theorem 1.2 in [16].
Proof of Theorem 1.1 : Let n = pm11 p
m2
2 · · · p
mu
u be the prime factorization
of n. Then, χ can be uniquely written as χ = χ1χ2 · · ·χu, where χi is a Dirichlet
character modulo pmii with conductor di, for 1 ≤ i ≤ u. It is well known that
d = d1d2 · · · du. Denote ni = p
mi
i .
Finally, Theorem 2.4 and Lemma 3.1 yield
Sχ(n, k) =
u∏
i=1
Sχi(ni, k) =
u∏
i=1
ϕ(ni)σk
(
ni
di
)
.
Since the arithmetic functions ϕ and σk are multiplicative, we have
Sχ(n, k) = ϕ(n)σk
(n
d
)
. 
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